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ABSTRACT

We study differential polynomial rings R[¢; §] over I'-graded rings, where T is an arbitrary group. We show that R[t; ]
admits a I'-grading compatible with that of R if and only if J is a y-derivation for some y € Cr(T'g), and that this
grading is unique once deg(t) = y is fixed; if § # 0, then y is itself uniquely determined by 6. We characterize the
resulting graded ring by a universal property. We prove a characteristic-free center criterion for gr-simplicity whenever
Z(R([t; 8]) is a graded subring; in characteristic zero, gr-simplicity is equivalent to §-gr-simplicity of R and y-outerness
of 8, extending Jordan’s simplicity criterion to the graded setting. We further show that R[¢t; 8] is gr-prime if and only
if R is &-gr-prime, and that gr-Noetherianity of R passes to R[t; 8], recovering a graded Hilbert basis theorem as a
special case. When T is abelian, gr-simplicity and gr-primality are shown to be invariants of homogeneous graded
Morita equivalence, and every ring homogeneously graded equivalent to R[¢; §] via a compatible idempotent is again
a graded differential polynomial ring.

2020 Mathematics Subject Classification: 16W25, 16W50, 16P40, 16S36

1 | Introduction

Throughout the paper, all rings are assumed to be associative with identity, and all ring homomorphisms preserve
the identity.

Let R be a ring and § a derivation of R. The differential polynomial ring R[¢; 8] is the free left R-module with basis
{1,t,t2,... }, with multiplication defined by the rule

tx =xt+38(x) forallx €R, (1.1

extended by associativity and distributivity [1]. Iterating (1.1) yields

n

t"x = " sk(x)t"k (xeR, n>0), 1.2)
5 ()

where §° = id. When & = 0, this reduces to the ordinary polynomial ring R[t].
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Since ordinary polynomial rings are the special case § = 0, the compatibility problem considered here is related to earlier
work on gradings of polynomial rings. In grading frameworks more general than group gradings, including S-graded
rings inducing S, compatibility questions for polynomial rings were considered by Chadeyras [2] and Krasner [3]; see also
Kelarev [4] for a systematic treatment of graded ring constructions. Ili¢-Georgijevi¢ [5] extended related constructions to
semigroup rings and studied graded radicals of graded polynomial rings. These works provide a natural classical context
for the compatibility question studied below.

Differential polynomial rings R[t; 8] are among the most studied objects in noncommutative algebra [6, 7]. They arise
as special cases of Ore extensions and crossed products, and include enveloping algebras of solvable Lie algebras. In the
ungraded setting, chain conditions on R[¢; §] were studied by Cauchon [8], and principality was established by Lam [9].
Simplicity was first characterized by Jordan [10], who showed that when char(R) = 0, the ring R[t; 8] is simple if and only
if R is §-simple and & is outer; this criterion was extended to arbitrary characteristic by Oinert and Silvestrov [11]. Primality
of R[t; 8] was studied by Jordan [12], who proved that R[t; 8] is prime if and only if R is §-prime. In the graded setting,
however, these properties have not been systematically studied for rings graded by an arbitrary group.

relg R;, where T :={r €T : R; # 0} denotes the

support of the grading, and a derivation § € Der(R), under what conditions does R[t; 8] admit a I'-grading compatible
with that of R? And do the classical results on simplicity, primality, and chain conditions extend to this graded setting?

This paper addresses two questions. Given a I'-graded ring R = @

We assume throughout that R is graded by an arbitrary group I

Definition 1.3 (Good grading). A I'-grading on R[t; 8] is called a good grading relative to the given grading of R if t is
homogeneous, say deg(t) = y € T, and the following two conditions hold:

(i) the canonical inclusion ¢ : R & R[t; 8] is a graded ring homomorphism;

(ii) the defining relation (1.1) is homogeneous.

Since a general derivation need not preserve homogeneous components, we restrict to homogeneous derivations, that is,
derivations 6 for which there exists a map ¢s : I's — I', where

s :={t€Tg : R, #0}

denotes the support of §, satisfying §(R;) C R, 5 for all T € T'g [13-15]. The following example illustrates the range of
gradings that arise and motivates the construction developed in this paper.

The first Weyl algebra A;(k) = k{(x,y)/(yx — xy — 1) over a field k carries a natural Z-grading with deg(x) =1 and
deg(y) = —1 [16], and is isomorphic as a ring to the differential polynomial ring k[x] [y; %], where k[x] is graded
by deg(x) = 1 [17]. The commutation relation yr =ry + %(r) for r € k[x] reproduces yx = xy + 1. This isomorphism
transports the grading of A; (k) to a Z-grading on k[x] [y ; ;ix] in which each monomial x%y’ has degree a — i. In particular,

deg(x) = 1,deg(y) = —1,and % shifts degree by —1, that is, %(k[x] n) C k[x],_1. This suggests considering homogeneous
derivations satisfying 6(R;) C Ry, for all 7 € T, for a fixed y € Cr(I'g). In this case, setting deg(¢) = y and

R[t;8], := @Rw_i tt (rer) (1.4)

i=0

yields a good grading on R[t; §] (Proposition 2.1). Moreover, in the same proposition we show that any homogeneous
derivation for which a good grading on R[¢; §] exists arises in this form.

We now fix the terminology used in the statements of the main results.

Definition 1.5 (Basic graded-ring terminology). Let I’ be a multiplicatively written group with identity element e. A
ring R is a I'-graded ring if

R=@DR;, RoR: CRy, I1g€R..
cel’

2 0f19 Mathematische Nachrichten, 2026

85UB017 SUOLULLOD AIIRID B |cedldde 8y} Aq peusenob a8 sajofe YO ‘8sn JO Sa|n. 1oy Akeuq 18Ul UO /8|1 U (SUONIPUOD-PUR-SUIB)WI0D A8 1M ARIq 1[BUl [UO//SANY) SUORIPUOD PUe SULB | 38U} 89S *[9202/0T/9T] U0 Akeiqi8uliuo A8 |IM * 00I08US 80 81SIBAIUN - PALEYOIN 11V UISSe A AQ 9820/ BURW/Z00T OT/I0PAL00" A 1M Afe.d 1 |Bul [Uo//Stny Woiy pepeojumod ‘0 ‘9T92ZeST



Its supportisTg :={o €T : R, # 0}, and H(R) :=|J__. R, denotes the set of homogeneous elements. We write

oel

Cr(Tr) :={y €T : yo =gy forevery o € 'y}

for the centralizer of the support and Z(T') for the center of T.
An ideal a of R is graded if

a= @(a NRy).

cel

The ring R is gr-simple if it has no nonzero proper graded ideals, gr-prime if ab = 0 for graded ideals a, b implies a = 0 or
b = 0, and gr-right-Noetherian (resp. gr-left-Noetherian) if every ascending chain of graded right (resp. left) ideals stabilizes.

A ring homomorphism f : R — S between I'-graded rings is graded if f(R,) C S, for every o € T'; a bijective graded
homomorphism is a graded isomorphism, written R =g S. A graded field is a graded ring in which every nonzero
homogeneous element is invertible. We write Autg,(R) for the group of graded automorphisms of R.

Definition 1.6 (Homogeneous and y-derivations). A derivation § : R — R is homogeneous if there exists a map
ps 1 Ts =T, Ts:i={r€Tg:8R)#0}
such that 6(R;) C R, 50 for every 7 € Ty [13, 14]. Fix y € Cr(T'g). A homogeneous derivation § satisfying
§(R:) CRey (z €Tg)
is called a y-derivation, and we write § € Dery(R). It is y-inner if § = §, for some r € Ry, where
6,(x) :=rx—xr,

and y-outer otherwise.

A graded ideal a of R is §-invariant if §(a) C a. The ring R is §-gr-simple if its only §-invariant graded ideals are 0 and R,
and d-gr-prime if ab = 0 for §-invariant graded ideals a,b impliesa =0 or b = 0.

Definition 1.7 (Graded R-rings and the category Cs). Let R be a I'-graded ring. A graded R-ring is a pair (S, ), where
S is a I'-graded ring and
$:R—>S

is a unital graded ring homomorphism; ¢ is called the structure map. If (S, ¢) and (S’, ¢’) are graded R-rings, a morphism
of graded R-rings is a graded ring homomorphism h : S — S’ satisfying ho¢ = ¢'.
For § € Der,(R), let Cs be the category whose objects are triples (S, $,u) consisting of a graded R-ring (S, ¢) and a
homogeneous element u € S, such that

up(x) — p(x)u = p(8(x)) forevery x € R. (1.8)
A morphism

h:(S,¢,u)— (S ¢ u)

in Cs is a morphism of graded R-rings satisfying h(u) = u’.
For a subring A of a ring B, we use the notation

Cg(A) :={b€B : ba=abforalla € A}

for the centralizer of A in B.
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The main results of this paper are as follows.

Theorem 1.9 (Universal property). Let R be a I'-graded ring and & € Der, (R) with y € Cr(I'g). The pair (R[t; 5], t) is
the initial object of the category Cs. In particular:

(1) conjugate y-derivations yield isomorphic graded rings;
(2) aninner shift of 5 by an element of R, leaves R[t; 5] unchanged up to graded isomorphism;
(3) Mu(R)[t; 8] =gr M (R[t; 8]).

Theorem 1.10 (Gr-simplicity). Let R be a I'-graded ring, y € Cr(T'), and § € Der,(R).

(D IfR is gr-simple of characteristic zero and & is y-outer, then R[t; 8] is gr-simple.

(2) IfcharR =0, then R[t; 6] is gr-simple if and only if R is 5-gr-simple and § is y-outer.

(3) Suppose that Z(R[t;6]) is a graded subring of R[t;8)]. Then R[t; 6] is gr-simple if and only if R is §-gr-simple and

Z(R[t;8)) is a graded field.

(4) Gr-simplicity of R[t; 8] is preserved under conjugation of 8, inner shifts by elements of R,,, and matrix extensions.

(5) IfR is gr-simple of characteristic zero, then R[t;0] [s; %] is gr-simple.
Part (2) generalizes Jordan’s criterion [10] to the graded setting. Part (3) removes the characteristic zero restriction at the
cost of a center condition; it is a graded analogue of [11, Theorem 4.15]. The additional hypothesis that Z(R[¢; §]) be graded
is automatic, for example, when T is abelian [18, Lemma 2.2], and more generally when I" admits a total order invariant
under left and right multiplication and every nonzero homogeneous element of R[¢; &] is regular (i.e., neither a left nor

a right zero-divisor) [19, Proposition 2.1]. Part (4) shows that gr-simplicity is stable under the structural operations of
Theorem 1.9. Part (5) shows that gr-simplicity persists through iterated differential constructions.

Theorem 1.11 (Gr-primality). Let R be a I'-graded ring, y € Cr(I'g), and & € Der,(R).
(1) IfRis gr-prime, then R[t; 8] is gr-prime.
(2) R[t;6]is gr-primeif and only if R is 5-gr-prime.

This is a graded analogue of [12, Theorem 2.2].

Theorem 1.12 (Gr-Noetherianity). Let § € Der,(R). If R is gr-right-Noetherian (resp. gr-left-Noetherian), then so is
R[t; 8]. In particular, taking & = 0 recovers the graded Hilbert basis theorem.

In [20], Abrams et al. establish, for rings graded by an abelian group, the equivalence of four conditions (HG1)-(HG4)
constituting the Homogeneously Graded Extended Morita Theorem [20, Theorem 4.7]. Two of these conditions are purely
algebraic:

A =y My (B), (C2)
My (A) =g Moo (B), (C4)

for some n € N and full homogeneous idempotent ¢ € M, (B),, where all matrix rings carry the standard grading
(Mx(A))s := Mx(Ay). The equivalence (C2)<(C4) is proved in [20, Theorem 2.14] through degree-e idempotents and
matrix operations assembled via direct limits; the argument never invokes commutativity of I'. The abelian hypothesis of
[20] is therefore a global convention for the categorical parts of their theorem and plays no role in the proof of (C2)<(C4).
E. Ruiz has indicated that the full Theorem 4.7 of [20], including the categorical conditions, is expected to extend to
arbitrary groups (E. Ruiz, private communication, 2026). Since a proof of this extension is not yet available, we work
throughout with I abelian and recall the following definition.

Definition 1.13. Let I' be an abelian group and let A, B be I'-graded rings. We say A and B are homogeneously
graded equivalent, written A ~pg, B, if there exist n € N and a full homogeneous idempotent ¢ € M, (B), such that
A =y CMy(B)?, or equivalently M, (A) 25 M, (B) [20, Theorem 2.14].
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Under the hypothesis that I' is abelian, we prove the following results.

Theorem 1.14 (Morita invariance). Let R be a graded ring and § € Der,(R).
(D If A mng R[t; 8], then A is gr-simple (resp. gr-prime) whenever R[¢; 8] is.

(2) If A mpgy R85 5]_arisesfro_m a full idempotent ¢ € R, with 8(¢) = 0 (so that § restricts to a y-derivation on ¢R¢), then
A =g (ERE)[1; 0], where 5(s) = €5(s)C.

Part (2) shows that the differential polynomial structure is itself an invariant of ~,g,: Every ring homogeneously graded
equivalent to R[¢t; 6] via a compatible idempotent is again a graded differential polynomial ring.

The paper is organized as follows. In Section 2, we construct the graded differential polynomial ring R[t;5]. We
characterize the derivations for which a good grading exists (Proposition 2.1), establish the universal property of this
construction (Theorem 2.6), and derive the structural isomorphisms given in Corollaries 2.7-2.9. In Section 3, we establish
the graded ring-theoretic properties of R[¢t; §]: We prove gr-simplicity (Theorems 1.10(1)—(5)), gr-primality (Theorem 1.11;
see also Section 3.2), and gr-Noetherianity (Theorem 1.12). In Section 4, we treat the case where the grading group
is abelian. We prove that gr-simplicity and gr-primality are invariants of homogeneous graded Morita equivalence
(Proposition 4.1), and we show that the differential polynomial ring structure itself is preserved under equivalence via
a compatible idempotent (Proposition 4.2, Theorem 1.14).

2 | Construction of Graded Differential Polynomial Rings

We begin by constructing the graded differential polynomial ring R[t; §] when the derivation shifts degrees by a fixed
element of the centralizer of the support of the grading. We describe the grading on R[¢; §], explain the universal mapping
property that characterizes the construction, and introduce the leading-coefficient ideals that will serve as the main
technical tool.

Proposition 2.1. Lety € Cr(Tg) and define R[t; 6], by (1.4) with deg(t) = y.
(1D Iféis a y-derivation of R, then (1.4) defines a good grading on R[t; 5].
(2) If 6 is a homogeneous derivation such that there exists a good T'-grading on R[t; 6], then § is a y-derivation.

Proof. (1) Assumey € Cr(I'g)and § € Der, (R). We first show that R[¢; 6] = @Ter R[t; 8];. Since R[t; 8] is the free left R-
module with basis {1,¢,%,... }andR = @aerR R,, every element of R[¢; §] has a unique expression Zizo ri ti withr; € R,
and each r; decomposes uniquely as r; = Y, serg
R, i t! C R[t;8];,s0R[t; 8] = Zfer R[t;6];. To see the sum is direct, suppose 3 fr = 0with fz = X, ¢z t' € R[t; 5],
andc;; € Rry—i' The coefficient of t* gives };_c;; = 0 in R. Since distinct values of 7 correspond to distinct homogeneous
components Rfy—i of R, the direct-sum decomposition of R forces c; ; = 0 for all 7 and i, hence f; = 0 for all 7. Therefore

(ri)s With (r;)s € R,. Setting 7 := oy, the term (Vi)f,,—i t' belongs to

R[t;8] = @ RIt: 6],

tel

It remains to verify conditions (i) and (ii). For (i), if x € R, then ((x) = xt° € R0 t9 = R, t° C R[t; 6], so  is graded.
For (ii), let f = x t' € R[t; 5], with x € R,,-iandg= x' t/ € R[t; 6], with x’ € R, -j-By 1.2),

fg= X (})xs eyt

k=0

Since & € Der,(R), we have sk(x') e Royk_j’ and since y € Cr(T'g),

k . .
xo%(x") e R, i Rcyk_] C Rray_(i+j_k)’
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which is precisely the (to)-component of (1.4) at index i + j — k. Hence fg € R[t; 8], so the grading is multiplicative. In
particular, for x € R, both sides of (1.1) are homogeneous of degree 7y: The left-hand side tx lies in R[t; 5], = R[t; 5]y
since y € Cr(I'g), the term xt lies in R[t; 8];,, and 5(x) € Ry, C R[t; 6], since § € Der,(R). Hence the relation (1.1) is
homogeneous of degree ty for every t € I'g, and (1.4) is a good grading.

(2) Suppose ¢ is a homogeneous derivation and that R[¢; §] admits a good I'-grading with deg(t) = y.Lett € Ty and x € R,
be nonzero. By condition (i), x € R[¢;6];, and since ¢t € R[t; 5], the grading axiom gives

tx € R[t;6],;, xt € R[t;5],.

By condition (ii), the defining relation is homogeneous of degree y7, hence xt and §(x) must both lie in the homogeneous
component containing tx. Since T € I'y was arbitrary, y € Cp(I'g). Moreover, all three terms have degree 7y, so §(x) €
R[t; 5]y Since 6(x) € R and ¢ is graded, RN R[t;6];, = R, hence 6(x) € R;,. Since T € T and x € R, were arbitrary,
€ Der,(R). O

The preceding proposition determines when a good grading exists. Once the degree of ¢ is fixed, this grading is unique.

Proposition 2.2. Lety € Cr(T'g) and § € Dery(R). The grading (1.4) is the unique T-grading on R[t; 8] for which the
canonical inclusion t : R & R[t; 8] is graded and t is homogeneous of degree y. If § # 0, then y is uniquely determined by 9.

Proof. Let

R[1;6] = P A

tel

be such a grading, andsetB; := EBizo RTy_iti. Ifx; € Rfy_l-, thenx; € Afy_i andt! € Ayi, hence x;t' € A;.ThusB; C A,.
Conversely, let f € A; and write f =} . x;t', with x; = ¥ ser(Xi)o. Each (x;)st' is homogeneous of degree oy’
Grouping terms of equal degree gives f = Y with g, € A;. Since f € A;, uniqueness of the homogeneous

decomposition gives g, = 0 for 7 # 7. Therefore

ner &y

f=8-= Z(xi)-[y—iti € B;.

i>0

Hence A; = B; forevery r € T.

Finally, suppose & # 0 and § € Der,/ (R) for some y’ € Cr(I'g). Choose x € R, with §(x) # 0. Then §(x) € Roy NR5yr.
Since this intersection contains a nonzero homogeneous element, oy = oy’, and therefore y = y’. [l

Example 2.3. Letk beafield, I = S; = (0,7 | 0> = = e, non = o), and R = kS; the group algebra with its natural
S3-grading Ry = kt. Then I'r = S3 and Cg,(I'r) = {e}. Take y =7 & Cg,(I'r) and § = 0. Suppose for a contradiction that
R[t;0] admits a good grading with deg(t) = 7. Take x = o € R, By condition (i), x € R[¢;0],, and since ¢ € R[t;0],), the
grading axiom gives

tx € R[t;0],5, xt € R[£;0]gy-

Condition (ii) requires the relation tx = xt to be homogeneous, that is, both sides must have the same degree. Butno # o7
in S3, so tx and xt have distinct degrees, contradicting condition (ii). Hence no good grading exists.

The preceding example uses the zero derivation. The next shows that the centralizer condition cannot be dropped even
for a nonzero homogeneous derivation.

Example 2.4 (A nonzero derivation and the centralizer condition). Let F be a field and let T = S3 = (o, | 0> =
n? =e, non =0o"1). Let V = Fv @ Fw be a two-dimensional graded F-vector space with deg(v) = o, deg(w) = o7, and
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let R :=[F @ V be the square-zero extension, so V2 =0, with

R.=F, R,=Fv, Ry =Fw,
and all other homogeneous components zero. Define the F-linear map § : R — R by

6(1)=0, 6(v)=w, b(w)=0.
Then § is a nonzero 7-derivation, since 8(R;) C Ry, for every T € I'r. However, ) € Cr(I'g) because no # o).
Suppose that R[t; §] admitted a good grading with deg(t) = y’. Since v and w are homogeneous, the relation tv — vt =
8(v) = w forces y’o = gy’ and y'o = on. Hence ¥’ = 1, and therefore no = o7, a contradiction. Thus R[¢; §] admits no
good grading.

The following remark gives another interpretation of the centralizer condition in Proposition 2.1.

Remark 2.5. Fory €T, let R(y) denote the additive group R with shifted grading
R(Y)s 1= Rgy.

We equip R(y) with the left and right R-actions induced by multiplication in R. The left action is always graded, since
R;R(¥): € R(¥)g¢- The right action is graded if and only if y € Cr(Tg).

Indeed, if y centralizes I'y, then R(y),R; C R(¥),.. Conversely, suppose that the right action is graded and let r € I'g. Since
1p € R(y)y_l = R,, we have

R: =1gR; € R(y)y—lf = Ry—l-[y-

AS R, # 0, it follows that y 'ty = 7. Thus y € Cp(T'g).
Suppose now that this condition holds, and form the square-zero extension

T :=RXR®y), (r,m) ' ,m)=r,rm" +mr'),
with T, :=Ry; @ R(¥),- Then T is a I'-graded ring.
If§ : R — Risadditive, define ¢5(x) := (x, 8(x)). A direct computation shows that s : R — T is a ring homomorphism
if and only if § is a derivation. Moreover, @5 is graded if and only if §(R;) C Ry, for every o € I'g. Hence the y-derivations
of R are naturally identified with the graded ring sections of the projection T — R, (r,m) — r.
We now establish the universal property of R[¢; 8], which underlies the structural isomorphisms of Corollaries 2.7-2.9.
Theorem 2.6 (Universal property). Let R be a graded ring and & € Dery(R). The pair (R[t; 6], t) is the initial object of

Cs: For every graded ring S, graded ring homomorphism ¢ : R — S, and homogeneous element u € S, satisfying (1.8), there
exists a unique graded ring homomorphism $ : R[t; 6] — S making the diagram

commute and satisfying $(t) =u.
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Proof. Any ring homomorphism R[t; 8] — S extending ¢ with ¢t > u must satisfy ¥ (x;t') = ¢(x;) u! for all x; € R and
i > 0, so there is at most one such map, namely

$<Z xiti) = Z (x;) ul.

i>0 i>0

This formula defines an additive map. Since R[t; 8] is generated by R and ¢ subject only to (1.1), multiplicativity reduces to
verifying compatibility with that relation. For any x € R,

Ptx) = u p(x) = p(x)u + $(6(x)) = P(xt + 5(x)),

where the middle equality is (1.8), so $ is a ring homomorphism. It is graded: For x; € R‘L'y_i’ one has ¢(x;) € Sry—i and
ul e Syi, hence ¢(x;) u! € S;. O

The universal property yields the following structural isomorphisms, which together prove Theorem 1.9.

Corollary 2.7. Let 6;,8, € Der,(R) and suppose §, = aod; oa ™! for some a € Autg(R). There is a graded isomorphism
a : R[t;61] — R[t; 6,] extending a.

Proof. For any x € R, the commutation rule in R[t; 8,] gives t a(x) — a(x)t = a(6;(x)), so (1.8) holds in R[t; §,] with
¢ = a and u = t. Theorem 2.6 produces a unique graded ring homomorphism @ : R[t; 8] — R[t; 5,] extending o with
a(t) = t. Applying the same argument to a«~! yields an inverse, so @ is an isomorphism. O

Corollary 2.8. Let § = 8, + &, where §,,0, € Der,(R) and &, = &, is the inner derivation 5,(x) :=rx — xr for some
r € Ry. Then R[t; 8] = R[t;6,].

Proof. Setu :=t—r €R|[t;6]. Sincer € R, and t € R[t; 5], the element u is homogeneous of degree y. For any x € R,
ux—xu=({t—-rx—x(t—r)=tx—xt—(rx—xr)=206(x)—5.(x) = d,(x),

so (R[t; 8], u) is an object of Cs,- By Theorem 2.6, there is a unique graded ring homomorphism ¢ : R[t;8,] — R[t; 5] with
pr =idand (t) =t —r.

For the inverse, setv :=t + r € R[t; §,]. Since 6,(x) = rx — xr, a direct computation gives vx — xv = §(x), so (R[t; 5], v)
is an object of Cs. Theorem 2.6 gives a graded ring homomorphism 9 : R[t; 8] — R[t;6,] with g = id and P(t) = ¢ +r.
Both 1og and @o1) fix R pointwise and fix ¢, so uniqueness in Theorem 2.6 gives op = id and poyp = id. |

Corollary 2.9. Let T be a graded ring, & € Der,(T), and R := M, (T) with the grading M,,(T), := M,(T;). Let 8 be the
entrywise y-derivation 6((x;;)) := (8(x;;)). Then My(T)[t; 8] =g My (T[t; 81).

Proof. Let¢ : M,(T) - M, (T[t; 6]) be the map sending (x; j) to the same matrix with entries in T'[¢; 5]. This is a graded
ring homomorphism since T & T|[¢; 8] is graded. Set u := tI, € M, (T[t; 8]),. The relation tx;; — x;t = 6(x;;) in T[¢; 6]
gives, entrywise,

u@(A) —p(Au = (5(xij))ij = $(5(A))

forany A = (x;;) € M,,(T), so (1.8) holds and Theorem 2.6 yields a unique graded ring homomorphism ¢ : M, (T)[¢; 5] —
My (T[¢;6]) with @jp, (1) = ¢ and @(¢) = t1,.

Both rings are free left M,,(T)-modules on the basis {I,,,t,t%,...}, and ¢ acts by go(zk Aktk) =2 Atk Surjectivity is
immediate. If 37, Atk € ker @, then each Ay = 0 by uniqueness of coefficients, so g is injective. O
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For a nonzero element

n
f=Y xtl €R[;8], x,#0,

i=0

we write deg,(f) := n for its t-degree and Ic(f) := x,, for its leading coefficient. For a graded ideal a C R[¢; 6] and n > 0,
the n-th leading-coefficient ideal is

Ly(a) :={0}U {x €R : x is the leading coefficient of some element of a of t-degree n}.
Lemma 2.10. Let a C R[t; 5] be a graded ideal and n > 0. Then L,,(a) is a §-invariant graded ideal of R.

Proof. We first show that £,(a) is graded. Let x € £,(a), witnessed by f = Zin:o a; t' € a with a,, = x. Write q; =
Y serg (a;)s for the homogeneous decomposition of each coefficient in R. By (1.4), the T-homogeneous component of

finR[t; 6] is
fo= Z(ai),y—z th. (2.11)
i=0

Since a is a graded ideal, f; € a for every 7 € I'. Let 0 € I'g with x, # 0; setting 7 = oy" in (2.11) shows that f,,n € a
has t-degree n with leading coefficient (a,), = x,. Hence x, € £, (a). Every homogeneous component of x thus lies in
L,(a), giving

Lo(@)= @ (La(@)NR,),

o€l'R
so L,,(a) is graded.
We now verify the ideal property on homogeneous elements, which suffices since both R and £,,(a) are graded. Let x €

Ly(a) N R,, witnessed by f = xt" + -+ € agyn, and let r € R;. For left multiplication, rf € a;syn has t-degree n with
leading coefficient rx € R;,, so rx € L,(a). For right multiplication, (1.2) gives

fr=xrt" + (terms of t-degree < n);

since y € Cr(T'g), the product fr is homogeneous of degree o7y", so fr € agyn and xr € L,(a).

For §-invariance, since a is a two-sided ideal, both ¢ f and ft lie in a, and a direct computation gives
tf = ft=[xt" 4 (8(X) + ap_ )" + -] =[xt 4 X, 8"+ = 8D+,

sotf — ft € a has t"-coefficient §(x), whence §(x) € L,,(a). O

Lemma 2.12. Let R be a §-gr-simple ring of characteristic zero. Then R is torsion-free as a Z-module and every integer n > 1
is invertible in R. In particular, the canonical map Z — R extends uniquely to an embedding Q < Z(R), so R is a Q-algebra.

Proof. Let
t :={x € R : there exists n > 1 with nx = 0}.

The set t is a two-sided graded ideal, and it is §-invariant because nd(x) = (nx) = 0. Since charR = 0, one has 1z ¢ t, so
§-gr-simplicity gives t = 0. Thus R is torsion-free as a Z-module.
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Now fix n > 1. The ideal
nR=(n-1)R
is nonzero, graded, two-sided, and d-invariant, since n - 1z € R, N Z(R) and d(nr) = nd(r). Hence nR = R. Thus n - 1y is

invertible in R. Since it is central, its inverse is also central, and the stated embedding of Q follows. O

Lemma 2.13. Let R be a gr-simple ring of characteristic zero and & € Der,(R) a y-outer derivation. If s = Z?zo x;th €
CRlt:5](R) and there exists o € Z(I') with (x,,); # 0, thenn = 0 and s € Z(R).
Proof. Suppose n > 0 and let ¢ € H(R). Using (1.2),

n n n i i

cs = Zcxl- th, sc= Zx,-tic = Z Z (k)xi §k(c) tik.

i=0 i=0 i=0 k=0
Comparing the t"-coefficients of cs = sc gives cx, = x,,¢ for all homogeneous ¢ € R, so x,, € Z(R). Since o € Z(I), it
follows that (x,,),R is a graded ideal of R; gr-simplicity then forces (x,), € RX. Comparing the "~ !-coefficients of cs = sc
gives

cxXy_1—Xp_1c =nx,0(c) forallc € H(R). (214)
For ¢ € R;, we have 6(c) € Ry, . Taking the R,.,-component of (2.14) and using o,y € Cr(I'g), we obtain

¢ (xn—l)ay - (xn—l)ay ¢ =n(xy)s 8(c).

Since R is gr-simple, it is in particular §-gr-simple. Lemma 2.12 therefore shows that n - 1y is invertible. Since (x,,);1 S
Z(R), left-multiplying by (n - 1) ~(x,); ! yields

8(c)=rc—cr=25,(c),

wherer :=—(n- lR)‘l(xn)gl(xn_l)oy. Moreover, r € R, since (xn);1 € R -1 and (x,_1)sy € Rsy, hencer € Ry-1,, =
R,.Thus § = 6, with r € R, contradicting the assumption that & is y-outer. Therefore n = 0, and s = xy € Z(R). O

3 | Graded Ring-Theoretic Properties of R[t; 5|

We begin the analysis of ideal-theoretic properties of R[t; 8] by reducing graded-ideal questions to suitable ideals of
the coefficient ring via leading-coefficient ideals. We then treat gr-simplicity, gr-primality, and gr-Noetherianity in
separate subsections.

3.1 | Gr-Simplicity

Proposition 3.1. Let R be a graded ring of characteristic zero and & € Der,(R). If R is gr-simple and § is y-outer, then
R[t; 8] is gr-simple.

Proof. Let a be a nonzero graded ideal of R[t; 5], and set n := min{deg,(f) : f € a, f # 0}. By Lemma 2.10, £,(a) is a
nonzero graded ideal of R, so gr-simplicity gives £, (a) = R. In particular 1 € R, C £, (a), so there exists g € a of t-degree

n with leading coefficient 1. Write g = 3’ __. g; with g. € R[¢;d];. Since a is a graded ideal, g; € a, for every 7. By (1.4), the
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t"-coefficient of g; lies in R;)—n; since the overall leading coefficient of gis 1 € R,, the only component g; with nonzero "
coefficient is g,n, whose t"-coefficientis 1 € R,. Set f := gyn € a,n; then f is monic of -degree n with leading coefficient
1 ER,.

For any ¢ € H(R), (1.2) gives

n

n
thc=ct" +nd(c)t" ! + Z (k

)Sk(c) [n—k,
k=2

o)
fe—cf = (" +xpt" T+ +xg)e — (" + x, 18"+ -+ xp)
= (n8(c) + xp_1¢ — cxy_q )" + (terms of t-degree < n — 1).
Since a is two-sided, fc —cf € a, and deg,(fc —cf) < n—1 < n, so minimality of n forces fc—cf =0. Hence f €

CRlt:5](R). The leading coefficient of f is 1 € R,. Since e € Z(I') and (1), = 1 # 0, Lemma 2.13 applies and gives n = 0,
hence f =1 € aand a = R[t;6]. [

Proposition 3.2. Let R be a graded ring of characteristic zero and 6 € Dery(R). If R is §-gr-simple and § is y-outer, then
R[t; 8] is gr-simple.

Proof. Let a be a nonzero graded ideal of R[t; 5], and let n be the minimal ¢-degree of a nonzero element of a. By
Lemma 2.10, £,(a) is a nonzero §-invariant graded ideal of R. Since R is §-gr-simple, we have £, (a) = R, and hence
1 € R, C £,(a). By the same argument as in the proof of Proposition 3.1, there exists a monic element f = t"* + x,,_t" +
“+=+ Xq € ayn of t-degree n with leading coefficient 1 € R,. As in that proof, we obtain

fec—cf =0 forallc €R,
and hence
né(c)+ x,_1c—cx,_1 =0 forallc €R.
If n > 0, then Lemma 2.12 shows that n - 1 is invertible. Since x,,_; € Ryny_(n_l) = Ry, we obtain
é6(c)=cr—re,
with r = =(n- 1) 'x,_; € R,, contradicting the assumption that § is y-outer. Therefore n = 0, hence f =1 € q, and
a = R[t;6]. O

Proposition 3.3. Let R be a graded ring and § € Der, (R). If R[t; 8] is gr-simple, then R is 5-gr-simple and & is y-outer.

Proof. Let a ¢ R be a nonzero §-invariant graded ideal. The set

alt; 8] := {inti DX Ea} C R[t;6]

i>0

is closed under addition, under left and right multiplication by elements of R (since a is a two-sided ideal of R), and under
left multiplication by ¢ since tx = xt + 6(x) with x, 5(x) € a by d-invariance. It is graded: Forany f = .. x;t' € a[t; 8],
the 7-homogeneous component of f in R[t; 8]is f; = ) izo(xi)ry—i t! by (1.4); since a is a graded ideal of R,_each (xi)f;,—i €
a,so f; € a[t; §]. Hence a[t; 8] is a nonzero graded ideal of R[¢; 8]. Since 1 ¢ a, it is proper, contradicting gr-simplicity of
R[t; 5].
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Suppose now that § =&, for some r € R,. Since rx —xr =5(x) for all x € R, Theorem 2.6 yields a graded ring
homomorphism ev, : R[t;§] — R with eVyp = id and ev,(t) = r. Then t — r € ker(ev,) and t —r # 0, so ker(ev,) is a
proper nonzero graded ideal of R[t; 8], contradicting gr-simplicity. O

Theorem 1.10(2) follows from Propositions 3.2 and 3.3.
Corollary 3.4. IfcharR = 0, then R[t; 8] is gr-simple if and only if R is §-gr-simple and & is y-outer.

The following example shows that the condition y € Cr(T'g) is genuinely weaker than requiring y € Z(T'), and that the
gr-simplicity criterion applies in this situation.

Example 3.5. Let [ be a field of characteristic zeroand let T = D, = (a,s | s> = ¢, sas~! = a™!).SetR = M,(F)[x,x],
where x is central, and grade Rby R ; = M,(F)x for k € Z, with R, = 0 for & (a). Then T'g = (a) and

Cr(Tr) =(a), Z(T)={e}l

In particular, ¥ := a~! belongs to Cr(T'g) \ Z(T).
Define § : R — R by 8(Mx*) = kMx*~! for M € M,(F) and k € Z. This is a derivation, and (R x) € R k-1 = Rk
€ Der,(R).

, SO
Y

We claim that R is gr-simple. Indeed, let a be a nonzero graded ideal and choose a nonzero homogeneous element Mx* € a.
Since M,(F) is simple, there exist A;, B; € M,(F) such that Zi A;MB; = I,. Hence

L =Y AMxN)B;xk) e,

1

and therefore a = R. In particular, R is §-gr-simple.

Finally, 6 is y-outer. Indeed, xI, € Z(R), whereas §(xI,) = I, # 0. Since every inner derivation vanishes on Z(R), the
derivation § cannot be inner. Thus, by Theorem 1.10(2), R[t; 8] is gr-simple.

The following two propositions give the center criterion appearing in Theorem 1.10(3).
Proposition 3.6. Let R be a 5-gr-simple ring and & € Der,(R). Every nonzero graded ideal a of R[t; 6] satisfies a N
Z(R[t;8]) # 0.
Proof. Setn :=min{deg,(f) : f € a, f # 0}. By Lemma 2.10, £,,(a) is a nonzero d-invariant graded ideal of R, so 5-gr-
simplicity gives £,,(a) = R. By the argument of Proposition 3.2, there exists a monic element

f=t"4x, "+t xp Eayn

with f° € Cgjs.5)(R). It remains to show ft =t f. We have

n-1 n-1
fr=om e Y o =t 4 Y (x4 8(xg) 1),
i=0 i=0

So ft—tf =— 2?2_01 8(x;)t' € a. Since deg,(ft —tf) < n—1<n, minimality gives ft =tf. Since R and ¢ generate
R[t; 8], it follows that f € Z(R[t; 8]). O

Proposition 3.7. Let R be a graded ringand & € Dery (R). Assume that Z(R[t; 5]) is a graded subring of R[t; 5]. Then the
following are equivalent.

(D RIt; 8] is gr-simple.
(2) RisS-gr-simple and Z(R[t; 8]) is a graded field.
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Proof. (1) = (2). Proposition 3.3 gives §-gr-simplicity of R. For any nonzero homogeneous f € Z(R[t; §]), theideal fR[t; 5]
is a nonzero graded ideal of R[t; 8], so fR[t;8] = R[¢t; 8] and f € R[t; 5]%. Hence Z(R[t; 8]) is a graded field.

(2) = (1). Let a be a nonzero graded ideal of R[¢; §]. By Proposition 3.6, a N Z(R[t; §]) # 0; pick a nonzero homogeneous
f € anZ(R[t; 8)). Since Z(R[t; 8]) is a graded field, f is invertible, so 1 € a and a = R|[t; J]. O

Remark 3.8. The hypothesis in Proposition 3.7 concerns the grading on the center, not the ordinary field property of
the center. For a general group grading, Z(R[t; 8]) need not be a graded subring, so the phrase “Z(R[¢;6]) is a graded
field” requires this point to be addressed. The hypothesis is automatic when I' is abelian [18, Lemma 2.2]. More generally,
[19, Proposition 2.1] applies when I' admits a total order invariant under left and right multiplication and every nonzero
homogeneous element of R[¢; 8] is regular. Under either of these conditions, Proposition 3.7 gives the characteristic-free
graded analogue of the Oinert-Silvestrov criterion.

The following corollary describes how gr-simplicity behaves under the isomorphisms of Corollaries 2.7-2.9, proving
Theorem 1.10(4).

Corollary 3.9.
(1) If 61 and &, are conjugate y-derivations, then R[t; 81 ] is gr-simple if and only if R[t; §,] is.
(2) If6 =6, + &, withr € R, and &, € Der,(R), then R[t; 8] is gr-simple if and only if R[t; 5,] is.
(3) Let T be a graded ring, 6 € Der,(T), and S := M, (T) with the induced grading and entrywise y-derivation 8. Then
S[t; 8] is gr-simple if and only if T[t; 8] is.

Proof. Parts (1) and (2) follow from Corollaries 2.7 and 2.8, since gr-simplicity is preserved under graded isomorphisms.
For (3), Corollary 2.9 gives M, (T)|t; 8] =, M, (T[t; 5]). For any graded ring B, the map b — M,,(b) is a lattice isomorphism
between the graded ideals of B and those of M,,(B). Hence M,(B) is gr-simple if and only if B is. Applying this with

B = T[t; 8] gives the result. U

One may ask whether the construction R — R[t; ] preserves gr-simplicity under iteration. The first step already fails:
R[t] is never gr-simple, since ¢R[¢] is a proper graded ideal. The derivation § := % repairs this at the second step. This is
Theorem 1.10(5).

Proposition 3.10. Let R be a gr-simple graded ring of characteristic zero, and let R’ := R[t;0] with R, := R.[t] and
/ d . .
deg(t) = e. Then R'[s; E] is gr-simple.

Proof. Letd := % : R - R’ denote the standard derivation. The defining relation in R’ [s; 8] is sx = xs + 6(x) for all
x € R'. In particular, st = ts + 1 and sx = xs for all x € R.
Let a be a nonzero graded ideal of R’ [s; 5] and let f € a be a nonzero element. Write

f= Yt pis),
i=0

where p;(s) = ZJ. Xij s/ € R[s] and p,,(s) # 0. For any x € R and k > 0, the defining relation gives [s, tx] = 8(tkx) =

kt*=1x, and [s, pi(s)] = 0since & vanishes on R and s commutes with itself. Therefore, setting ad,(f) := [s, f1,

n! p,(s) ifi=n,
0 ifi <n.

ady (' pi(s)) = {

Since a is a two-sided ideal and s € R’ [s; 5], we have ad; (f) = n! p,(s) € a. As char(R) = 0, the element n!- 1y is
invertible in R, so p,(s) € a.
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Write p,(s) = Z;"zo X; s/ with Xj € R and x,,, # 0. From st = ts + 1 we get [¢,s] = —1, and since [t, x] = 0 for all x € R,

the Leibniz rule gives [¢, sj] =—j s/~1 hence adt(xjsj) =—j xjsj_l. Iterating m times,
ad;n(pn(s)) = (_1)m m! Xp,.

Since p,(s) €a and t € R’ [s; 6], we have ad;"(p,(s)) € a, and since m! is invertible in R, it follows that x,,, € a. The

element x,, is nonzero and belongs to R, for some o € I'g, so Rx,,R is a nonzero graded ideal of R. Since R is gr-simple,

Rx,,R = R, hence 1y € a, and therefore a = R'[s; %] O

Remark 3.11. Alternatively, one can verify directly that § = % is e-outer on R’ and that R’ is §-gr-simple, and then
conclude by Corollary 3.4.

3.2 | Gr-Primality
Proposition 3.12. Let R be a §-gr-prime graded ring and 6§ € Der, (R). Then R([t; 8] is gr-prime.

Proof. Suppose for a contradiction that a and b are nonzero graded ideals of R[t; 6] with ab = 0. Letn := min{degt( f):
fea, f# 0} andm := min{degt(g) 1geb,g# 0}. By Lemma 2.10, £,,(a) and £L,,(b) are nonzero d-invariant graded
ideals of R. Let x € L,(a), and x" € £,,(b), be homogeneous, and pick

f=xt"+x, 4" 4t xg €agyn, g=Xt"+x] "4+ X[ € brym.

Since ab = 0, we have fg = 0. By (1.2),

n
n /emy ! th+m n k(" n+m—k
(xet™)(xX"tM) = xx"t +kzzl<k)x5 (x"t .

Every other summand (xl-ti)(x;tj )with i < nor j < m contributes only to t-degrees strictly less than n + m, so the ¢*+7-

coefficient of fgis xx’. Since fg = 0,we getxx’ = 0. Asx € £,(a)and x" € L,,,(b) were arbitrary homogeneous elements,
L,(a) L,,(b) = 0, contradicting §-gr-primality of R. O

The above proposition proves Theorem 1.11(1) in the stronger form that §-gr-primality of R suffices; the original statement
of Theorem 1.11(1) with gr-prime follows as a special case.

Proposition 3.13. IfR[t; 8] is gr-prime, then R is 5-gr-prime.

Proof. Let a and b be nonzero §-invariant graded ideals of R with ab = 0. As in Proposition 3.3, the extensions a[t; 8] and
b[t; 8] are nonzero graded ideals of R[¢; &]. For any f = Y. x;t' € a[t;d] and g = Zj yjt) € b[t; 6], (1.2) gives

Cathth = Y, (,i)xi Sk ti+ik,

k=0

Since b is §-invariant, 5k(yj) € b for every k > 0, 50 x; ék(yj) € ab = 0. Hence fg = 0 and a[t; 8] b[t; 8] = 0. Since R[t; 3]
is gr-prime, a[t; 8] = 0 or b[t; 8] = 0, givinga =0o0r b = 0. O
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Combining Propositions 3.12 and 3.13 gives Theorem 1.11(2).

Corollary 3.14. R[t; 8] is gr-prime if and only if R is §-gr-prime.

3.3 | Gr-Noetherianity

We prove that gr-Noetherianity of R passes to R[t; ] (Theorem 1.12). The argument is a graded version of the standard
Hilbert basis theorem proof: We introduce right leading-coefficient ideals £},(a) and show that any ascending chain of
graded right ideals of R[t; 8] stabilizes by comparing the stabilization indices of the finitely many chains ([,Z(a j))j for

k < so together with the eventual constancy established in (3.17). Taking § = 0 recovers the graded Hilbert basis theorem
as Corollary 3.18.

For a graded right ideal a C R[t; 8] and n > 0, define

Ly (a) :={0}U {x € R : x is the leading coefficient of some f € a}.

Lemma 3.15. Let a C b be graded right ideals of R[t; 6] and n > 0.
(1) L} (a)isagraded right ideal of R.

(2) Ly(a) C Ly (D).

(3) IfLh(a) =L} () foralln > 0, then a = b.

Proof. Part (1) follows from Lemma 2.10. For part (2), let x € £} (a). Then x is the leading coefficient of some f € a of
t-degree n. Since a C b, we have f € b, whence x € £],(b). For part (3), since a C b, it suffices to show b C a. We proceed
by induction on deg,(g) for g € b. If deg,(g) = 0, then g € R and g is its own leading coefficient, so g € L{(b) = L{(a).
Hence there exists f € a of t-degree 0 with leading coefficient g; since f has ¢-degree 0, we have f = g,so g € a. Suppose
the claim holds for all elements of b of ¢-degree less than n, and let g € b with deg,(g) = n and leading coefficient x. Then
x € L (b) = L] (a), so there exists f € a of t-degree n with leading coefficient x. The difference g — f lies in b and satisfies
deg,(g — f) < n, so the induction hypothesis gives g — f € a. Since f € a, we conclude g € a. |

Proposition 3.16. Letd € Der,(R).
(1) IfR is gr-right-Noetherian, then so is R[t; &].
(2) IfR is gr-left-Noetherian, then so is R[t; 8].

Proof. We prove (1); part (2) follows by replacing graded right ideals with graded left ideals and £}, with its left analogue
! throughout.

Let

a1§a2§a3c---

be an ascending chain of graded right ideals of R[¢; §]. We show this chain stabilizes.

We construct an ascending chain of graded right ideals of R by coupling the index of the ideal with the degree of the leading
coefficient. For any homogeneous f = at’ + -+ € ag, the product ft € ag has t-degree s + 1 and leading coefficient a, so
Li(ag) C E;H(as) C L", . (az41), the second inclusion by Lemma 3.15(2). Hence

s+1
£(a) € £h(ay) C -+

is an ascending chain of graded right ideals of R. Since R is gr-right-Noetherian, there exists s, > 1 such that

E;O(asO) = £§0+n(a80+,1) foralln > 0. (3.17)
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We claim that £} (a;) = Cgo(as()) forall k > sy and j > sy. Fora € Ego(as()), pick f € ag, C a; of degree sy with leading
coefficient a, then ftk=% € a j has degree k with leading coefficient a,so a € E;(a i)

For the converse inclusion, let m := max(j, k). Then
£7(a)) € LL(ap) C Lhlan) = L5 (ag)).

where the first inclusion is Lemma 3.15(2), the second uses the argument above applied to a,,, and the equality is (3.17).
For each k €{0,..., sy — 1}, the chain

Ly(a)) € Ly(ax) C -+

is an ascending chain of graded right ideals of R, so it stabilizes at some vy > 1. Let jo := max(vy,..., V5,1, 50)-
Then £ (a;) = £} (aj,) for all k > 0 and j > jo: for k < 5o by stabilization, and for k > sy by the claim. Therefore, by
Lemma 3.15(3), a; = aj, forall j > jo. O

Corollary 3.18. IfR is gr-left-Noetherian (resp. gr-right-Noetherian), then so is R[t].

Proof. Apply Proposition 3.16 with § = 0. O

4 | Ring-Theoretic Invariance Under Graded Equivalence

Throughout this section, I" denotes an abelian group. We establish that gr-simplicity and gr-primality are invariants of the
homogeneous graded Morita equivalence relation g, of Definition 1.13, and that the differential polynomial structure
of R[t; 6] is itself preserved under equivalence via a compatible idempotent. The abelian hypothesis is imposed so that we
may apply the Homogeneously Graded Extended Morita Theorem of Abrams et al. [20]; as noted in the introduction, the
algebraic core of that framework (the equivalence (C2)<(C4)) does not require commutativity of ', and the full extension
to arbitrary groups is expected once a proof of [20, Theorem 4.7] for non-abelian groups is available.

Proposition 4.1. Let A and B be T-graded rings with A g B. Then A is gr-simple (resp. gr-prime) if and only if B is.

Proof. By Definition 1.13, there exist n € N, a full homogeneous idempotent ¢ € M,,(B),, and a graded isomorphism
A =g CMp(B)E. SetR 1= M, (B).

Suppose A is gr-simple, and let b be a nonzero proper graded ideal of B. Set d := M,,(b). Then D is a nonzero proper graded
ideal of R, and a := ¢d¢ is a graded ideal of ¢R¢. Since ¢ is full, a is a nonzero graded ideal of fR¢ =~ A. By gr-simplicity
of A,wehave a = ¢R¢. Then ¢ = €1zt € ¢RC = ¢d¢. Since ¢ is full, R = RER C R(€dC)R C b, so R = b, a contradiction.
Therefore B is gr-simple. The converse follows by symmetry.

Suppose that A is gr-prime, and let by, b, be nonzero graded ideals of Bsuch that b;b, = 0. Fori = 1,2,seta; := ¢ M, (b;)¢.
As above, each q; is a nonzero graded ideal of A. Moreover,

ajay; = LpMn(Bl)f an(B2)Lo - an(hlb2)La = 0,

which contradicts the gr-primality of A. Hence by =0 or b, =0, and B is gr-prime. The converse again follows by
symmetry. (Il

The following proposition characterizes the graded rings homogeneously graded equivalent to R[¢; §] that arise from full
idempotents in R,, showing that they are again graded differential polynomial rings.
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Proposition 4.2. Let T be a graded ring, & a y-derivation of T, and ¢ € T, an idempotent that is full in T, and satisfies
8(¢) = 0. Define S := ¢T¢ withinduced grading S, := €¢T.€ fort € Tg,andthemap§ : S — Sby(s) := €5(s)¢ fors € S.
Then the following statements hold.

(1) & € Der,(S).
(2) €T[t;6]¢ =g S[t; 8] as graded rings.
(3) S[t;8] Rhgr T[t; 6]
Proof. (1) Lets = ¢xt € S, for some x € T.. Since §(f) = 0 and ¢£? = ¢, the Leibniz rule yields §(¢2) = 0. Thus,
5(s) = €8(¢xt)t = f(é(f)xt’ +€6(x)C + €x6(€))€ =t8(x)t.

As § € Der,(T), we have 6(x) € T+, so £8(x)¢ € S;,. Moreover, S satisfies the Leibniz rule

8(s152) = €8(s18,)€ = €(8(s1)s2 + $16(52))€ = (€6(51)€) (€52€) + (€51€) (€8(s2)€) = 6(s1)s, + $16(52),
since s; = ¢s; = ;¢ for s; € S. Hence § € Der,(S).
(2) The Ore extension T[t; 6] is defined by the commutation relation tx = xt + §(x) for x € T, with grading (T[¢; 6]); =
@izo Try—i t'. Since 8(¢) = 0, we have t¢ = ¢t. By induction on i, using 8(¢) = 0 with (1.2), we then get

tie =¢tl, i>0. (4.3)

Define @ : S[t;8] — ¢T|[t;5]¢ by

i=0

n n
@(Z Sl-ti> = Z Siti,

where each s; € S C T (viewed in T[¢; 6]).
Fors; = €x;¢ € S, we have €s; = 5; = s;¢. Thus,

f(Zsitl)f = Y (Es)ie) = Y si(et) = ) st = @(Zsitl),

i i i i i

by (4.3). Hence ®(S[t; 8]) C €T|[t; 5]¢. The map & is clearly additive. For multiplication in S[t; 8], ts = st + (s). Then
O(ts) = O(st + 5(s)) = st + 6(s) = st + €S(s)¢.

InT[t;8],ts = st + (s),s0D(ts) = ts — 8(s) + €S8(s)€ = ts + (£5(s)¢ — 8(s)). Butsinces = £x¢ forsomex € Tand §(¢) =
0’

5(s) = 8(¢xt) = €5(x)¢ = 5(s),

so ®(ts) = ts = td(s). Similarly, ®(s;s,) = D(s1)P(s,). Thus @ is a graded ring homomorphism.
For surjectivity, let f = 3, x;tt € T[t; 8] with € f¢ € ¢T[t;5]¢. Then

eft =) (Exit) = Y (exit)tr) = <I><Z(€xi€)ti>,

by (4.3). So @ is surjective. Injectivity follows directly.
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(3) We show that ¢ is full in (T[¢; 5]).. Since ¢ is full in T, there exist aj, b; € T, with Zj ajtb; =1.Let rtk be an arbitrary
pure element of (T[¢; 61),, with r € Ty—k- Then

rtk = rtk<z a; fbj) = Z(rtkaj)fbj.

J J
By (1.2), tkaj = Z;zo (:q)ém(aj)tk_m with §™(a;) € Tym, so each summand rém(aj)tk_m lies in Tym_ktk_m C
(T[t; 6]).; hence rtkaj € (T[¢;8])e. Since b; € T, C (T[t;6])e, it follows that (T[t; 5]).¢(T[t;S]). contains every pure
element of (T[¢;6])., so ¢ is full in (T[t;8]).. By [20, Theorem 2.14], M (T[t;6]) oy Moo (€T[£;8]€). Part (2) gives
€T[t; 81¢ =gy S[t; 8], 50 Mo (S[t; 8]) gy Mo(T1[t; 8]). Therefore S[t; 8] ~pgy T[t;6]. O

Remark 4.4. The condition §(¢) = 0in Proposition 4.2 is needed for the induced map §(s) :=¢5(s)f on S :=¢T¢ tobea
y-derivation. Without this condition, the map s — ¢&(s)¢ need not be a derivation of S, and consequently the differential
polynomial ring S[t; 8] need not be defined.

Nevertheless, this condition can always be achieved by an inner shift. Indeed, for an arbitrary 6 € Dery(T), set
r.:=8(€) —-¢5(¢) e Ty, § :=6-6,.

Since ¢2 = ¢, we have 8(¢) = 8(¢)¢ + ¢5(¢) and ¢8(¢)¢ = 0. 1t follows that 5,(¢) = 8(¢), hence §'(¢) = 0.
Therefore Proposition 4.2 applies to 6. If §'(s) := ¢&'(s)¢ for s € S, then

€T[t; 8¢ =g €T[t; 6] =g S[t;6].

Indeed, &’ differs from & by the inner y-derivation &,, so Corollary 2.8 gives T|[t; ] = Tt 8']; since this isomorphism
fixes T, it restricts to the corresponding corners. Thus an arbitrary y-derivation can always be replaced, up to graded
isomorphism, by one satisfying the compatibility condition required in Proposition 4.2.

Proof of Theorem 1.14. For part (1): by Proposition 4.1, gr-simplicity and gr-primality are invariants of the homogeneous
graded Morita equivalence class. Specifically, if A ~ng R[t; 5] and R[¢; 6] is gr-simple (resp. gr-prime), then A is gr-simple
(resp. gr-prime).

For part (2): let £ €R, be a full idempotent with §(¢) = 0. Proposition 4.2(2) gives ¢R[¢;6]¢ = (¢RE)[t; 8], and
Proposition 4.2(3) gives (€R?)[t;0] ~ng R[t;8]. By (C2), every A ~pg R[¢; 6] arising from a full idempotent ¢ € R, is
graded isomorphic to ¢R[t; §]¢, hence to (€R¢)[t; ]. O
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